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ABSTRACT 
We discuss the characteristic equation of a matrix in the max-plus algebra. In their 
Linear Algebra Appl. paper [101:87-108 (1988)] Olsder and Roos have used a 
transformation between the max-plus algebra and linear algebra to show that the 
Cayley-Hamilton theorem also holds in the maw-plus algebra. We show that the 
derivation of Olsder and Roos is not entirely correct, and we give the correct formulas 
for the coefficients of this alternative version of the ma-algebraic characteristic 
equation. We also give a counterexample for a conjecture of Olsder in which he states 
necessary and sufficient for the coefficients of the max-algebraic characteristic equa- 
tion. 0 Elsevier Science Inc.. 1997 
1. INTRODUCTION 
There are many ways to model and to analyze discrete event systems 
(examples of which are flexible manufacturing systems, subway traffic net- 
works, parallel processing systems, telecommunication networks, logistic sys- 
tems, etc.). In general these systems lead to a nonlinear description in linear 
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algebra. However, for timed event graphs-a subclass of discrete event 
systems-we obtain a “linear” state-space model when we use the max-plus 
algebra to describe the behavior of the system [l, 21. The basic operations of 
the max-plus algebra are the maximum and the addition. There exists a 
remarkable similarity between these operations on the one hand and the 
basic operations of conventional algebra (addition and multiplication) on the 
other hand: many properties and concepts of linear algebra, such as Cramer’s 
rule, the Cayley-Hamilton theorem, eigenvalues, and eigenvectors, also have 
a max-algebraic equivalent (see e.g. [l, II]>. 
An important concept in the study of the steady-state behavior of timed- 
event graphs is the mix-algebraic eigenvalue [l, 21. In [B-11] Olsder and Roos 
have used a kind of (entrywise) exponential matrix mapping to define the 
max-algebraic equation, to show that every matrix has at least one max- 
algebraic eigenvalue, and to prove a max-algebraic equivalent of the Cayley- 
Hamilton theorem. In this paper we correct an error in their derivation. We 
also give a counterexample for a conjecture of Olsder in which he states 
necessary and sufficient conditions for the coefficients of the max-algebraic 
characteristic equation. 
This paper is organized as follows. In Section 2 we introduce some 
notation and we give a short introduction to the max-plus algebra. In Sec- 
tion 3 we recapitulate the reasoning Olsder and Roos have used in [ll] to 
derive the characteristic equation of a matrix in the max-plus algebra. We 
show where their reasoning goes wrong and how it can be corrected. We also 
include an example in which we compute the max-algebraic characteristic 
equation of a given matrix. In Section 4 we give a counterexample for a 
conjecture of Olsder in which he states necessary and sufficient conditions for 
the coefficients of the max-algebraic characteristic equation. 
2. PRELIMINARIES 
2.1. Notation and DeJinitions 
If ti is a set, then #& denotes the number of elements of &. We use g,, 
to represent the set of all permutations of n numbers. The set of the even 
permutations of n numbers is denoted by g,,__ and the set of the odd 
permutations of n numbers is denoted 9”,odd. An element u of 9” will be 
considered as a mapping from {1,2, . . . , n} to { 1, 2,. . . , n). The signature of 
the permutation (+ is denoted by sgn (cr). We use %‘,, to represent the set of 
all subsets with k elements of the set (1, 2, . . . , n}. 
Let ~2 be an n-by-n matrix, and let cp c (1, 2, . . . , n}. The submatrix 
obtained by removing all rows and columns of A except for those indexed by 
cp is denoted by A,,. The matrix A,, is called a principal submatrix of the 
matrix A. 
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DEFINITION 1. Let f and g be real functions. The function f is 
asymptotically equivalent to g in the neighborhood of m, denoted by f(r) - 
g(x), x + m, if limX,,f(x>/g(X) = 1. 
We say that f(r) - 0, x + m, if there exists a real number K such that 
f(r) = 0 for all 1c > K. 
If F and G are real m-by-n matrix-valued functions then we write 
F(x) N G(x), x --f 00, if f,,(x) - gij(x), x + m, for all i, j. 
Note that the main difference with the conventional definition of asymp- 
totic equivalence is that Definition 1 also allows us to say that a function is 
asymptotically equivalent to 0. 
2.2. The Max-Plus Algebra 
In this section we give a short introduction to the max-plus algebra. We 
shall only state the definitions and properties that we need in the remainder 
of this paper. A more complete overview of the max-plus algebra can be 
found in [l, 31. The basic max-algebraic operations are defined as follows: 
a @ b = max(a, b), 
a@b=a+b, 
where a, b E R U ( - ~1. The reason for using these symbols is that there is 
a remarkable analogy between B and addition, and between @ and multipli- 
cation: many concepts and properties from linear algebra (such as the 
Cayley-Hamilton theorem, eigenvectors and eigenvalues, and Cramer’s rule) 
can be translated to the max-plus algebra by replacing + by @ and x by @. 
The structure R,,, = (R U l-w}, $ , @ > is called the max-plus algebra. 
The zero element for @ is ~2 - ~0: we have a CTS F = a = E CD a for all 
n E [w U (8). Define [w, = R U {E}. 
Let k E N. The kth max-algebraic power of a E R is defined as follows: 
a@” = ku. If k > 0 then E@’ = E; E@’ is not defined. 
The rules for the order of evaluation of the max-algebraic operators are 
similar to those of conventional algebra. So maw-algebraic power has the 
highest priority, and B has a higher priority than @. 
The matrix E, is the n-by-n identity matrix in the max-plus algebra: 
(&Iii = 0 for all i and (E,,jij = E for all i, j with i f j. The max-algebraic 
operations are extended to matrices as follows. If A E RF’ n and CY E R,, 
then we have 
(CX 8 A)ij = (Y @ aij for all i,j. 
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( A @ B)ij = ~ij @ bij for all i,_j. 
If A E Iw,“‘P and B E F8gx’ then 
(A@B),=kilUii@b,j for all i, j. 
Note that these definitions are analogous to the definitions for the multiplica- 
tion of a matrix by a scalar, the addition of two matrices, and the multi- 
plication of two matrices in linear algebra, but with + replaced by @ and 
x by 8. 
If A E [wzxn and if k E N, then the kth max-algebraic power of A is 
defined recursively as follows: A@’ = A”- I 8 A if k > 0, and A@” = E,. 
If a,, a,, . , . , a, E R, then a, 8 h*n @ a, @ A@‘-’ @ . . . CD a,_, 8 h CB 
a, is called a max-algebraic polynomial in the variable A. If the coefficient a, 
is equal to 0 (the identity element for @), we say that the max-algebraic 
polynomial is a monk max-algebraic polynomial. 
3. THE CHARACTERISTIC EQUATION IN THE 
MAX-PLUS ALGEBRA 
In this section we recapitulate the reasoning Olsder and Roos have used 
in 1111 to derive the max-algebraic characteristic equation of a matrix (see also 
[l]). We show where their reasoning goes wrong and how it can be corrected. 
If a, b, c E R,, then we have 
u@b=c - pZb = zc forall .z E rWi, 
wherecu=1ifuZbandcz=2andwhere~E=Oforall~EK!~ by 
definition. 
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If A E KF~x”, then zA is a real n-by-n matrix-valued function with 
domain of definition ll%i that is defined by (sA),, = z”lr for all i, j. The 
dominant of A is defined as follows: 
dom,A = the highest exponent in det z * if detz” #O, 
6 otherwise. 
The characteristic polynomial of the matrix-valued function z A (in linear 
algebra) is given by 
det[h(=.)I,, -:“I = h”(z) + Y,(z)A”-~(;) + ... +~,,_r(z)~(z.) + y,,(z) 
with 
The Cayley-Hamilton theorem applied to the matrix-valued function z .A 
yields 
for all ; E L’Q:. In [ll] Olsder and Roos claim that the highest degree in (1) is 
equal to max {dome A,, 1 cp E @} and that 
where Yk is equal to the number of even permutations that contribute to the 
highest degree in (1) minus the number of odd permutations that contribute 
to the highest degree in (1). However, the highest degree in (1) is not 
necessarily equal to max {dome A,, ) cp E Ef), since if the number of even 
permutations that contribute to 
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is equal to the number of odd permutations that contribute to it, then 
disappears.’ We shall illustrate this with an example: 
EXAMPLE 2. Consider the matrix 
-2 1 & 
A= [ 1 0 & 0 1.  2 
The matrix-valued function z A is given by 
2r2 2 0 
.zA= I 2 1 z. 0 1 z2 1 
We have 
So dams Au.2~,(~ 2) = 2, dam, AO,,), t1 3l = 0, and dome A12.31,t2 3) = 2. 
However, since ’ 
= --z + 1 + c2, 
the highest degree in y2(.z) is equal to 1, whereas max {dam. A,, 1 p E Ef) 
=2#1. 
’ This phenomenon does not occur for the matrices of the examples given in [8-111 and on 
which the calculation and the properties of the max-algebraic characteristic equation are 
illustrated. Those examples are thus correct. 
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The highest-degree term in (1) can be determined as follows. Define 
for k = 1,2,. . . , R. For every k E {l, 2, . . . , n} and for every e E I?, we 
define 
k 
such that c airisc7-, = 5 , 
r= 1 I 
I;( Cf) = 
k 
such that c airi, = 5 , 
r=l I 
zk(‘f) = z;(‘t) - ‘ko(t)* 
Since (1) can be rewritten as 
the highest degree that appears in yk(z) is given by 
Ckdzfm={& E rklzk( t) + O}, 
and the coefficients of the characteristic equation of z A satisfy 
Yk(Z) N (-l>kzk(Ck)XCk, 2 -3 CQ. 
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Define~~=(-l)kZk(Ck)fork=1,2,...,n.Let~={k)~k>0)and&= 
{k ) Tk < 0). Note that we have I$&> = 0 and Zf( 5) > 0 for every 5 E rr 
= {a,, 1 i = 1,2,. . . , n}. This implies that Z,(c,) > 0 and that rr < 0. Hence, 
we always have I EX 
It is easy to verify that if A is a square matrix with entries in [w, then we 
have 
(z”)” - FL, 2 + to. (3) 
As a consequence, (2) results in 
Since all the terms of this expression have positive coefficients, comparison of 
the highest-degree terms of corresponding entries on the left-hand and the 
right-hand side of this expression leads to the following identity in 08,,,: 
This equation can be considered as a max-algebraic version of the Cayley- 
Hamilton theorem if we define the mm-algebraic characteristic equation of 
A as 
Let us now calculate the max-algebraic characteristic equation of the 
matrix A of Example 2. 
EXAMPLE 3. For the matrix 
we have Ir = {2,0, -21, r, = @, LO, -2, ~1, r3 = {4,0, - 1, ~1, and 
Z,(2) = 1, Z,(O) = 1, Zr( -2) = 1, 
Z,(2) = 0, Z,(l) = -1, Z,(O) = 1, I,( -2) = 1, Zs( &) = -1, 
Z,(4) = -1, Zs(0) = 1, Z&l) = -1, Zs(E) = 1. 
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Hence, cj = 2, ce = 1, and cg = 4. Since p1 = - 1, qz = - I, and T:, = I, 
we have 9 = {3} and 3 = {l, 2). So th e max-algebraic characteristic equation 
of A is 
Furthermore, 
So A satisfies its max-algebraic characteristic equation. 
REMARKS. 
1. For the matrix A of Example 2 we have cp = 1, whereas the domi- 
nants of the principal 2-by-2 submatrices of A ( A1,,,),(,,,), A~,,3j,(1,R), and 
A,,, 3),t2,3j are 2, 0, and 2 respectively. This shows that in general the 
dominant cannot be used to define the coefficients of the max-algebraic 
characteristic equation. 
2. Define d, = max( 5 1 5 E r,] and 8, = I,(d,) for k = 1,2,. . . , II. Note 
that d, is equal to max{dom. A,, 1 cp E %“I and that 6, is equal to Yk. If 
we follow the formulas of [l, 111 literally, we should set ck equal to ~1, if 
6, = 0 and put k in 3 In [S, 9, 101 a derivation that is similar to that of [ll] 
has been presented, but there ck was set equal to .s if 6, = 0. However, the 
following example shows that in general neither of these definitions leads to a 
valid max-algebraic analogue of the Cayley-Hamilton theorem: when we take 
these definitions for the coefficients of the max-algebraic characteristic equa- 
tion, then there exist matrices that do not satisfy their max-algebraic charac- 
teristic equation. 
EXAMPLE 4. For the matrix 
E&O & 
A-=00& 6. 
[ I 1 1 1 1 1 1 -“I 
we have d, = 1, 6, = 1, d, = 1, 6, = 0, cl, = 1, 6, = 0, d, = 0, and 
6, = 0. 
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The definition of [ll] would result in 
(5) 
However, since 
333 E 
A@‘4= : : : & 
[ I 4 4 4 -“4 
and 
the matrix A does not satisfy (5). 
The definition of [g-10] would result in the following max-algebraic 
characteristic equation for A: 
he4 = 1 @ has. (6) 
However, since 
333 & 
18Aa3= I i ; 4” E 1 , 
4 4 4 -“z 
the matrix A does not satisfy (6) either. The max-algebraic characteristic 
equation of A is given by 
MAX-PLUS ALGEBRA 247 
Note that A satisfies this equation, since 
r3 3 3 4 
4. A COUNTEREXAMPLE FOR A CONJECTURE OF OLSDER 
In [8] Olsder states that if an equation of the form 
has less than three (possibly coinciding) solutions, then it cannot be the 
max-algebraic characteristic equation of a 3-by-3 matrix. Next he proposes the 
following conjecture: 
CONJECTURE 5. A manic [max-algebraic polynomial]2 equation of degree 
u with the terms of highest and highest but one order on different sides of 
the equality sign is a [max-algebraic] characteristic equation of an n x n 
matrix if and only if this equation has the maximum number of possibly 
coinciding real solutions. By “possibly coinciding” is meant that an arbitrarily 
small perturbation of the coefficients exists, in the usual ]I * 112 norm, such that 
the perturbed equation has the maximum number of solutions which are all 
different. 
Now we show by a counterexample that the statement made in [8] about 
(7) does not hold. Hence, Conjecture 5 does not hold either. Note that for 
this example the various (correct and wrong) definitions for the coefficients of 
the max-algebraic characteristic equation all yield the same result. 
EXAMPLE 6. Consider 
’ The words between square brackets have been added to make the formulation consistent 
with the one that has been used in the previous sections. 
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The different definitions for the coefficients of the max-algebraic characteris- 
tic equation discussed in Section 3 all result in the following max-algebraic 
characteristic equation for A: 
Aa3 @ ( -3) @ A = ( - 1) C9 hB2 @ 3. (8) 
In Figure I we have plotted the graphs of the max-algebraic polynomials on 
the left-hand and the right-hand side of (8). Clearly, (8) has only one simple 
root, viz. A* = 1. Hence, Olsder’s statement that (7) cannot be the max- 
algebraic characteristic equation of a 3-by-3 matrix if it has less than three 
(possibly coinciding) solutions does not hold. As a consequence, Conjecture 5 
does not hold either. 
REMARK. In contrast to linear algebra, there exist no inverse elements 
w.r.t.$ in R,. To overcome this problem we can use the symmetrized 
max-plus algebra Sm,, [6, 71, which is a kind of symmetrization of the 
FIG. 1. The graphs of the max-algebraic polynomials on the left-hand and the 
right-hand side of (8): p(A) = (- 1) 8 Am2 CB 3 and q(A) = he3 8 (- 3) 8 A. 
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max-plus algebra. This symmetrization leads to the introduction of the 8 
operator, which could be compared with the - operator from conventional 
algebra. Once this 8 operator has been introduced, we can define a 
max-algebraic equivalent of e.g. the determinant (where we replace + by @, 
X by 8, and - by 8 in the conventional definition of the determinant). 
Once we have defined the max-algebraic determinant, we can define the 
max-algebraic characteristic polynomial of a matrix. It is worth mentioning 
here that this leads to another version of the max-algebraic characteristic 
equation that differs from the characteristic equation introduced above, but 
for which the Cayley-Hamilton theorem, also holds. For more information on 
the symmetrized max-plus algebra s,,,,, and the max-algebraic characteristic 
equation in S,,,, the interested reader is referred to [l, 6, 71. In [4, 51 we 
have given necessary conditions for the coefficients of the max-algebraic 
characteristic polynomial in s,,, of a matrix with entries in [w,. If the size of 
the matrix is less than or equal to 4, these conditions are also sufficient. 
5. CONCLUSION 
In this paper we have presented a corrected version of the derivation of 
the characteristic equation of a matrix in the max-plus algebra. Furthermore, 
we have also given a counterexample for a conjecture of Olsder in which he 
states necessary and sufficient conditions for the coefficients of the max- 
algebraic characteristic equation. 
This research was sponsored by the Concerted Action Project of the 
Flemish Community, entitled Model-based Information Processing Systems; 
by the Belgium program on interuniversity attraction poles (IUAP-SO) initi- 
ated by the Belgian State, Prime Minister’s Oflice for Science, Technology and 
Culture; and by the Alapedes project of the European Community Training 
and Mobility of Researchers Program. 
REFERENCES 
1 F. Baccelli, G. Cohen, G. J. Olsder, and J. P. Quadrat, Synchronization anal 
Linearity, Wiley, New York, 1992. 
2 G. Cohen, D. Dubois, J. P. Quadrat, and M. Viot, A linear-system-theoretic view 
of discrete-event processes and its use for performance evaluation in manufactur- 
ing, IEEE Trans. Automat. Control AC-30(3):210-220 (Mar. 1985). 
250 BART DE SCHUTTER AND BART DE MOOR 
3 R. A. Cuninghame-Green, Minimax Algebra, Lecture Notes in Econom. and 
Math. Systems 166, Springer-Verlag, Berlin, 1979. 
4 B. De Schutter, Max-Algebraic System Theory for Discrete Event Systems, Ph.D. 
Thesis, Dept. of Electrical Engineering, K. U. Leuven, 1996. 
5 B. De Schutter and B. De Moor, The characteristic equation and minimal state 
space realization of SISO systems in the max algebra, in Proceedings of the 11th 
International Conference on Analysis and Optimization of Systems, Sophia-Antipo- 
lis, France, June 1994, pp. 273-282. 
6 S. Gaubert, Theorie des Syst&mes Lin&ires dans les Dioides, Ph.D. thesis, Ecole 
Nationale Supkieure des Mines des Paris, France, July 1992. 
7 Max Plus, Linear systems in (max,+ Ialgebra, in Proceedings of the 29th IEEE 
Conference on Decision and Control, Honolulu, Dec. 1990, pp. 151-156. 
8 G. J. Olsder, Some Results on the Minimal Realization of Discrete-Event dynamic 
Systems, Tech. Rep. 85-35, Delft Univ. of Technology, Faculty of Technical 
Mathematics and Informatics, 1985. 
9 G. J. Olsder, On the characteristic equation and minimal realizations for discrete- 
event dynamic systems, in Proceedings of the 7th International Conference on 
Analysis and Optimization of Systems, Antibes, France, 1986, pp. 189-201. 
10 G. J. Olsder and C. Roos, Cramer and Cayley-Hamilton in the Max-Algebra, Tech. 
Rep. 85-30, Delft Univ. of Technology, Faculty of Technical Mathematics and 
Informatics, 1985. 
11 G. J. Olsder and C. Roos, Cramer and Cayley-Hamilton in the max algebra, Linear 
Algebra Appl. 101:87-108 (1988). 
Received 1 May 1996;jnal manuscript accepted 26June 1996 
